The paper is devoted to studying classes of mappings with unbounded characteristics of quasiconformality. Namely, we prove that the normal families of Q-mappings have the logarithmic order of growth in a neighborhood of a point. Moreover, we establish sufficient conditions for Q provided normality of mappings f : D → R n , n ≥ 2, omitting points of a set E f obeying c(E f ) ≥ δ, δ > 0, where c(·) is an appropriate set function.
Introduction
The paper is devoted to studying ring Q-mappings, which generalize Q-mappings, introduced in [15] (cf. [22] and [6] for homeomorphisms). The class of ring Q-mappings contains many known classes of mappings such as analytic functions, quasiconformal mappings, mappings with bounded and finite distortion, etc.
Throughout the paper, m denotes the Lebesgue measure in R n , n ≥ 2, R n = R n ∪ {∞} is the one-point compactification of R n , and M (Γ) stands for the conformal modulus of families of curves γ in R n (see e.g. [27, 6 .I]). For R n , we use the spherical (chordal) distance h(x, y) = |π(x) − π(y)|, where π is a stereographical projection of R n onto the sphere S n ( Given a domain D and two sets E and F in R n , n ≥ 2, Γ(E, F, D) denotes the family of all paths γ : [a, b] → R n which join E and F in D, i.e., γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D for a < t < b. We write Γ(E, F ) = Γ(E, F, R n ) when D = R n . Let r 0 = dist (x 0 , ∂D) and Q : D → [0 , ∞] be a measurable function. Set R(r 1 , r 2 , x 0 ) = {x ∈ R n : r 1 < |x − x 0 | < r 2 } , S i = S(x 0 , r i ) = {x ∈ R n : |x − x 0 | = r i } , i = 1, 2.
A mapping f : D → R n is said to be a ring Q-mapping at a point x 0 ∈ D if the inequality M (f (Γ (S 1 , S 2 , R))) ≤ R Q(x) · η n (|x − x 0 |) dm(x) (1.1)
holds for any R = R(r 1 , r 2 , x 0 ), 0 < r 1 < r 2 < r 0 , and every measurable function η : (r 1 , r 2 ) → [0, ∞] with Note that for Q(x) ≤ K = const, the class of Q-mappings contains quasiregular mappings, whereas 1-mappings have within themselves conformal mappings (see [20] , [21] and [19, Theorem 1] ).
In [23] , we establish conditions on Q ensuring the equicontinuity and normality of families of mappings satisfying (1.1) and omitting points of a fixed set of positive capacity. These conditions are sufficient for equicontinuity but not necessary. In particular, a family of mappings f : D → R n \ E obeying (1.1) is normal whenever cap E > 0 and Q ∈ F M O (see [23, Theorem 5 .1]).
The paper consists of two main parts devoted to studying the equicontinuity property for the mappings satisfying the relations (1.1)-(1.2). In the first part we establish necessary and sufficient conditions providing the equicontinuity for a family of ring Qmappings, imposing an appropriate condition on Q, e.g. F M O-condition. Note that our results generalize the known results by Miniowitz for quasiregular mappings, see [17, Theorem 1] . For the plane quasiregular mappings we refer to [11, Theorem 4.3 .II] (cf. [30] ). The main result in this part is the following
for every x ∈ B(x 0 , ε 0 ), where B(x 0 , ε) = {x ∈ R n : |x − x 0 | < ε}.
Following [8] , we say that a function ϕ :
is the mean of the function ϕ(x) over the ball B(x 0 , ε).
for any p > 1 (see [15] ).
In the second part of the paper we establish sufficient conditions of the equicontinuity for mappings f : D → R n \ E f omitting the points of a set E f , where E f is a set of positive capacity depending on f. Note that, in the general case, the condition cap E f > 0 does not imply the equicontinuity (normality) of a family of K-quasiregular mappings f : D → R n \ E f . For example, the family f m (z) = z m , z ∈ C, D := B(0, 2) = {z ∈ C : |z| < 2} for n = 2 is not normal. It is known that, if a set E = E f does not depend on f, the corresponding family of mappings is equicontinuous (see [21, Corollary 2.7 .III] for bounded Q and [23, Theorems 5.1-5.2] for more general Q). However, in the present paper we do not require an existence of such "general" E. Following [28] , we restrict the family {E f } involving a set function c(·) (see the relation (4.1)). The restrictions of such type have been earlier applied for bounded Q (cf. [28] ). The following statement is one of the main results of the paper.
, where E f is compact. Assume that either of the following conditions holds:
where C > 0 is a positive constant and q x 0 (r) is the integral mean of Q(x) over the sphere S(x 0 , r); 3)
for some ε 0 = ε 0 (x 0 ). Then the family F Q,δ is equicontinuous at x 0 .
Preliminaries
Recall the needed definitions and notions (see also [23] ). Let D be a domain in R n , n ≥ 2. A mapping f : D → R n is said to be discrete if the preimage f −1 (y) of every point y ∈ R n consists of isolated points, and open if the image of every open set
If U is an open set in R n , we denote by C 0 (U ) the class of all continuous functions in U whose support is a compact subset of U. Following [12] and [21] , a condenser is a pair E = (A, C), where A ⊂ R n is open and C is a non-empty compact set contained in A. Define the quantity
which is called the capacity of the condenser E, where |∇u| =
u(x) ≥ 1 for x ∈ C and (3) u is ACL (absolutely continuous on lines, see [21] ).
Let f : D → R n be a discrete open mapping, β : [a, b) → R n be a curve and
For a discrete open mapping f, every curve β with x ∈ f −1 (β(a)) has a maximal f -lifting starting at a point x (see [21, Corollary 3.3 .II], see also [14, Lemma 3.12] ).
The following statement was earlier formulated and exploited in more special cases (see [23, ).
where F (ε, ε 0 ) is a given function and
Proof. Consider a condenser E = (A, C), where A and C are defined as above.
Consider a family Γ f (E) for the condenser f (E). Note that every γ ∈ Γ f (E) has a maximal f -lifting in A starting in C (see [21, Corollary 3.3 .II]). Let Γ * be a family of all maximal f -liftings of
, with ε 0 satisfying the assumption of lemma and
The relations (2.4) and (2.5) yield
and, consequently,
Consider a family of Lebesgue measurable functions η ε (t) = ψ ε (t)/I(ε, ε 0 ), t ∈ (ε, ε 0 ).
for every ε ∈ (0, ε ′ 0 ). Now the inequality (2.3) directly follows from (2.1), (2.6) and (2.7). ✷ A chordal diameter of a set E ⊂ R n is the quantity
h(x, y) .
Denote by ω n−1 the area of the unit sphere S n−1 in R n .
where the quantity I(ε, ε 0 ) is defined by (2.2). Then
for every x ∈ B(x 0 , ε 0 ′ ) with
Applying [23, Lemma 2.2] and taking into account that f (A) ⊂ B(0, r), one obtains
where λ n ∈ [4, 2e n−1 ), λ 2 = 4 and λ 1/n n → e as n → ∞ (cf. [29, (7.21 ) and Lemma 7.22]). Combining (2.11) and (2.12) with assumption h R n \ B(0, r) ≥ δ, we have
Pick arbitrary x ∈ D such that |x − x 0 | = ε, 0 < ε < ε ′ 0 . Then x ∈ B (x 0 , ε) and, moreover, f (x) ∈ f B (x 0 , ε) = f (C). Thus, the inequality holds for any ε ∈ (0, ε ′ 0 ). Since ε ∈ (0, ε ′ 0 ) is arbitrary, the relation (2.9) is fulfilled in the whole ball B(x 0 , ε ′ 0 ). ✷ By the well known Liouville theorem, every conformal mapping of a domain D of R n , n ≥ 3, is a restriction of a Möbius transformations of a domain D (see e.g. [7] and [21, Theorem 2.5.I]). For n = 2, it is true when D := R 2 (see, e.g., [18] ). Inversely, a restriction of a Möbius transformation U : R n → R n of a domain D \ ∞, U −1 (∞) is conformal mapping and, consequently, M (U (Γ)) = M (Γ) for every Möbius transformation U : R n → R n and any family of curves Γ in R n (cf. [27, Theorem 8.1]).
The following two lemmas describe the local behavior of the classes of equicontinuous mappings obeying (1.1).
is a nonnegative Lebesgue measurable function satisfying (2.2) such that the estimate (2.8) holds for ψ ε ≡ ψ and I(ε, ε 0 ) → ∞ as ε → 0.
Then F Q is equicontinuous at x 0 if and only if there exist
holds for every f ∈ F Q and all x ∈ B(x 0 , ε 1 ), where β n = ω n−1 2K
, α n and γ n,p are defined by (2.10).
Proof. Since I(ε, ε 0 ) → ∞ as ε → 0, the sufficient condition of this lemma follows from Lemma 2.2. Now we show that inequality (2.14) holds when F Q is equicontinuous at x 0 . Given σ > 0, there exists ∆ = ∆(σ, x 0 ) such that
(see [27, Theorem 12.2] ). Clearly, the composition v := U • f is ring Q-mapping at x 0 . For sufficiently small σ > 0 the relations (2.15) and (2.16) yield |v(x)| ≤ 1 for some ε 2 = ε 2 (x 0 ) and all x ∈ B(x 0 , ε 2 ). Consider the mapping g := v| B(x 0 ,ε 2 ) . Since I(ε, ε 0 ) → ∞ as ε → 0, we have that 0 < I(ε, ε 0 ) < 2I(ε, ε 2 ) < ∞ for all ε ∈ (0, ε 1 ) and some ε 1 ∈ (0, ε 2 ) and therefore by (2.8) that
Replacing ε 2 , ε 1 and 2K by ε 0 , ε ′ 0 and K, we get the inequality (2.8). Now applying Lemma 2.2 to the mapping g with the conditions (2.16) completes the proof. ✷
In what follows, we also need the following lemma.
Lemma 2.4. Let F Q be a family of open discrete mappings f : D → R n , n ≥ 2, obeying (1.1) at a point x 0 ∈ D. Suppose that there exists a number ε 0 ∈ (0, dist (x 0 , ∂D)) such that the following property holds: for every ε 0 ∈ (0, ε 0 ) there exists ε ′ 0 ∈ (0, ε 0 ) and a nonnegative Lebesgue measurable function ψ :
If the family F Q is equicontinuous at x 0 , then there are
for every f ∈ F Q and all x ∈ B(x 0 , ε 1 ) with α n , β n and γ n,p defined by (2.10).
Proof. If the family F Q is equicontinuous at the point x 0 , then for every σ > 0 there exists ∆ = ∆(σ, x 0 ) such that (2.15) holds for every x ∈ B(x 0 , ∆). Given a mapping f ∈ F Q , there is a Möbius transformation U : R n → R n provided (2.16). The mapping v := U •f is a ring Q-mapping at x 0 . For sufficiently small σ > 0 the relations (2.15) and (2.16) yield |v(x)| ≤ 1 for small enough σ, for some ε 2 = ε 2 (x 0 ) and all x ∈ B(x 0 , ε 2 ). Consider the mapping g := f | B(x 0 ,ε 2 ) . By (2.18) the double inequality 0 < I(ε, ε 2 ) < ∞ holds for all ε ∈ (0, ε 1 ) and some ε 1 ∈ (0, ε 2 ) and therefore by (2.19)
Again applying Lemma 2.2 to the mapping g with the conditions (2.16) completes the proof. ✷ Remark 2.1. The inequalities (2.14) and (2.20) in Lemmas 2.3 and 2.4 are both of the same type and provide the upper bounds for the chordal distances between f (x) and f (x 0 ). The constant β n = ( .20) is better than the corresponding constant β n = ( in (2.14) . On the other hand, the conditions (2.2), (2.8) of Lemma 2.3 hold for one fixed ε 0 , while the assertion of Lemma 2.4 is fulfilled for infinitely many ε 0 with the same K > 0. Applications of both lemmas will be presented in the next section.
On necessary and sufficient conditions of equicontinuity
We start to prove Theorem 1.1 by applying Lemma 2.3 for an appropriate function ψ. Letting ψ(t) := 1 t log 1/t and ε 0 < 1/e, we have that 
holds for all x ∈ B(x 0 , ε ′ 0 ) and some ε ′ 0 ∈ (0, ε 0 ) with α n defined in Lemma 2.2.
Proof. The sufficient condition of Theorem 3.1 is established by a direct application of the inequality (3.3) and the condition (1.4) from Theorem 1.2. So, it remains to prove the necessity. To this end, pick
By (1.4), for sufficiently small ε 0 > 0 there exists ε ′ 0 ∈ (0, ε 0 ) such that I(ε, ε 0 ) := ε 0 ε ψ(t)dt > 0 for every ε ∈ (0, ε ′ 0 ), and, moreover, I(ε, ε 0 ) < ∞ for every ε ∈ (0, ε 0 ) (see [26, Remark 3] ). A direct calculation yields
Thus, ψ satisfies condition (2.19) with p = 1 and K = ω n−1 , and the desired conclusion follows from Lemma 2.4. ✷
The following statement follows directly from Theorem 3.1. 
holds for some ε 0 = ε(x 0 ) ∈ (0, dist (x 0 , ∂D)). Then a family of all open discrete ring Q-mappings f : D → R n at x 0 is equicontinuous at x 0 if and only if
and for some ε ′ 0 ∈ (0, ε 0 ), where the constant M depends only on n and x 0 .
The next statement shows that the condition (1.4) in Theorem (3.1) cannot be removed.
Theorem 3.2.
Let D be a domain in R n , n ≥ 2, x 0 ∈ D, and 0
where q x 0 is defined in (3.2). Then there exists a family of uniformly bounded ring Q-mappings at the point x 0 which is not equicontinuous at x 0 .
Proof. Without loss of generality, we may assume that D = B n = {x ∈ R n : |x| < 1} and x 0 = 0. Define a sequence of mappings f m : B n → R n by
where
Now we show that every f m , m = 1, 2, . . . , is a ring Q-homeomorphism at the point x 0 = 0. Obviously, f (S(0, r)) = S(0, R m ) where
where R i,m = exp − 
On equicontinuity of map families omitting sets
The main results of this section are relied on Vuorinen's approach in [28] . Here we prove more general results on equicontinuity of open discrete mappings satisfying the estimates (1.1)-(1.2) (cf. [23] ). Following [28] , we establish these results on equicontinuity of the mapping families involving set function of a special kind.
Let B * (x, t) = {y ∈ R n : h(x, y) < t} be a spherical ball centered at the point x of the radius t. Given x ∈ R n , E ⊂ R n and 0 < r < t < 1, we define
2 , x) ,
where x = −x/|x| 2 . Given a compact set E ⊂ R n , we have c(E) = 0 if and only if cap E = 0 (see [28, Corollary 3.19] ).
Let D be a domain in R n , n ≥ 2. Denote by F Q,δ a family of all open discrete ring Q-mappings f : D → R n \ E f at x 0 ∈ D with c(E f ) ≥ δ > 0, where E f is compact and c(·) is defined by (4.1).
The following auxiliary result is of independent interest. Lemma 4.1. Suppose that there exist ε 0 > 0, ε 0 < dist (x 0 , ∂D), ε 1 ∈ (0, ε 0 ) and a function ψ : (0, ε 0 ) → [0, ∞] with
as ε → 0. Then the family F Q,δ is equicontinuous at x 0 .
Proof. Given a mapping f ∈ F Q,δ , consider the condensers E = (A, C) and 
where α(ε) → 0 as ε → 0. On the other hand, by [28, Theorem 3.14],
where the constant β n depends only on n. Since c(F ) ≥ a n h(F ) for every connected set
where h(F ) is the chordal diameter of F and a n is some constant (see [28, Corollary 3.13] ). It is known that c(E) ≤ ω n−1 · log √ 3 1−n for every set E ⊂ R n , conse-
cf. [28, (3.7) ] and (4.1). If the minimum in (4.5) equals c(f (C)), then we have by (4.6) and (4.7)
For the case when min{c(f (C)), c(E f )} = c(E f ), the inequality (4.5) yields
Letting c n := min β n ,
, one can derive from (4.8) and (4.9) that
and combining (4.4) and (4.10) the following estimate holds
Since α(ε) → 0 as ε → 0, one can conclude from (4.11) that for every σ > 0 there exists ∆ = ∆(σ) such that h(f (C)) < σ whenever ε < ∆. In other words, h(f (x), f (x 0 )) < σ for all x ∈ B(x 0 , ε), ε < ∆. Hence, the inequality h(f (x), f (x 0 )) < σ holds for all x ∈ B(x 0 , ∆) and every f ∈ F Q,∆ , i.e. the family F Q,∆ is equicontinuous at the point x 0 . ✷
The following result is a strengthen version of [26, Lemma 8] . Proof. We start with the assumption 1) choosing ψ(t) := Since the assumption 2) is a particular case of 3), we should prove the implication (1.4)⇒ (4.2)-(4.3). Given sufficiently small ε > 0, pick ψ by (3.4) . In accordance to (1.4), there exists ε 1 ∈ (0, ε 0 ) provided I(ε, ε 0 ) > 0 for all ε ∈ (0, ε 1 ). Note that I(ε, ε 0 ) < ∞ for every ε ∈ (0, ε 0 ) (see [26, Remark 3] ). Now arguing similar to the proof of Theorem 3.1, one obtains equality (3.5) and, moreover, the asymptotic relation 
Applications and related results
Now we present some important particular cases of Theorem 1.2. The first one relates to the case Q(x) is uniformly bounded by a constant K, i.e., Q(x) ≤ K = const and E f = E ⊂ R n . Thus, we recall the well-known results on equicontinuity for quasiregular mappings (see [13, Theorem 3.17] and [21, Corollary 2.7.III]).
Corollary 5.1. Given a compact set E ⊂ R n with cap E > 0, the family of all K-quasiregular mappings f : D → R n \ E is equicontinuous at every point x 0 ∈ D.
As a consequence for E f ≡ E ⊂ R n , we obtain the following author result (see [ The following result is based on Theorems 1.1, 1.2, 3.1 and Corollary 3.1.
